We continue our exploration of local Double Field Theory (DFT) in terms of symplectic graded manifolds carrying compatible derivations and study the case of heterotic DFT. We start by developing in detail the differential graded manifold that captures heterotic Generalized Geometry which leads to new observations on the generalized metric and its twists. We then give a symplectic pre-NQ-manifold that captures the symmetries and the geometry of local heterotic DFT. We derive a weakened form of the section condition, which arises algebraically from consistency of the symmetry Lie 2-algebra and its action on extended tensors. We also give appropriate notions of twists-which are required for global formulations-and of the torsion and Riemann tensors. Finally, we show how the observed α -corrections are interpreted naturally in our framework.
Introduction and results
Double Field Theory (DFT) is the attempt of finding a T-dual invariant formulation of the low-energy sector of string theory. After initial work in the 90ies [1, 2, 3] , the field received more attention after the papers [4, 5] and in particular [6] appeared. While many of the physical aspects of DFT are well studied and mostly understood by now, the underlying mathematical structures are much less explored (see e.g. [7, 8, 9, 10] for rare exceptions).
DFT is clearly an extension of gravity coupled to a 2-form gauge potential (the KalbRamond or B-field), whose underlying geometry is famously described by Generalized Geometry [11, 12, 13] . Generalized Geometry and its symmetry structure is encoded in a Courant algebroid, which for our purposes is most transparently described in terms of symplectic differential graded (dg) manifolds or symplectic NQ-manifolds [14] . For example, the Courant bracket is simply part of a categorified Lie algebra, which is obtained from a simple derived bracket construction in the language of dg-manifolds. It is, in fact, the symmetry Lie 2-algebra which consists of the semidirect product of diffeomorphisms on the base manifold and 1-form gauge transformations of the gerbe with the same topological class as that of the Courant algebroid. Moreover, twists, T-dualities and even the structure of the generalized metric can be directly obtained using canonical transformations of the symplectic dg-manifold. Similarly, one readily constructs expressions for torsion and Riemann tensors. Finally, a global Courant algebroid is readily constructed in terms of local data contained in the dg-manifold picture.
All this suggests that also DFT should have a useful description in terms of symplectic graded manifolds, at least locally. This was the premise of the paper [9] and in particular [15] . In the latter work, the general framework was developed and applied to the simplest form of local DFT, in the following called "type II DFT". Among other things, the symplectic graded manifold picture yields directly the full relevant symmetry Lie 2-algebra, a resulting algebraic section condition (which is a slight weakening of the usual one) and explicit expressions for torsion and Riemann tensors. Mathematically, the key ingredient in our constructions was a relaxation of the notion of a symplectic dg-manifold to symplectic graded manifolds with a degree 1 vector field Q not necessarily satisfying Q 2 = 0. Essentially, the same framework was subsequently used in [16] to give a unified approach to non-geometric fluxes and T-duality in terms of canonical transformations. Furthermore, the symmetry Lie 2-algebra obtained in this manner was also identified in [17] as the appropriate one underlying DFT.
Our long-term goal is the extension of our framework to exceptional field theory (EFT). As a stepping stone, we explore in this paper the case of the bosonic part of heterotic Double Field Theory, which already contains some of the important new features we expect to see in EFT. We will simply refer to this form of DFT as heterotic DFT.
Heterotic DFT has been discussed in various forms, starting from the initial paper [18] . It features in particular a number of α -corrections as, for example, to the usual pairing of generalized vectors and the C-and D-brackets of type II DFT [19, 20, 21] . These corrections only appear if the generalized vector fields of heterotic DFT are identified with ordinary vector fields and differential 1-forms, just as in type II DFT. Since heterotic string theory (as well as heterotic supergravity) also comes with a non-abelian gauge algebra, there is an enlarged set of symmetries, which should be reflected in a larger set of generalized vector fields. In particular, one should incorporate further sections that describe the ordinary gauge transformations. In such a formulation, heterotic DFT becomes more transparent [22] and, as we shall explain below, the α -corrections find a very natural interpretation.
Our discussion starts in section 2 by a reformulation of heterotic Generalized Geometry in terms of symplectic differential graded or symplectic NQ-manifolds. The underlying transitive Courant algebroid was given before in more conventional geometric language in [23, 24] . We give the corresponding NQ-manifold perspective, from which we directly derive the associated Lie 2-algebra from a derived bracket construction. This categorified Lie algebra appears in the form of a 2-term L ∞ -algebra and describes the symmetries of heterotic supergravity: a semidirect product of diffeomorphisms on the base manifold and gauge transformations, which consist of ordinary gauge transformations of a non-abelian 1-form gauge potential and higher gauge transformations of an abelian 2-form gauge potential. The heterotic Dorfman and Courant brackets are part of this Lie 2-algebra structure.
Recall that in ordinary Generalized Geometry, the exact Courant algebroid describes the symmetries of an abelian gerbe, on which the Kalb-Ramond field is a part of the connective structure [15] . We point out that the transitive Courant algebroid describes the symmetries of a non-abelian gerbe (or categorified principal bundle) whose categorified structure group is the string 2-group. Such structures were fully developed only in [25] and they play an important role in M-theory, see e.g. [26, 27] .
We proceed to interpret twists of the transitive Courant algebroid by topological data as canonical transformations of our NQ-manifold. This is a specialization of a result of [28] to the case at hand. We use this interpretation to rederive the curvature expressions for twisted string structures together with the relevant Bianchi identities in a very direct fashion. A new observation is that also the generalized metric for heterotic Generalized Geometry can be obtained from the trivial one by a canonical transformation, thanks to our formalism. Finally, the NQ-manifold picture allows us to write down suitable torsion and Riemann tensors that yield a compact description of heterotic supergravity by using the formulas developed in [15] for type II DFT.
Section 3 contains the main point of our paper: a similar treatment of heterotic DFT, building on the formalism developed in [15] . Analogously to the case of type II DFT, we have to work here with symplectic pre-NQ-manifolds, in which the condition Q 2 = 0 is lifted. The symplectic pre-NQ-manifold relevant to heterotic DFT is readily written down from the relevant data. As expected, it extends the symplectic NQ-manifold of heterotic Generalized Geometry as well as the symplectic pre-NQ-manifold of type II DFT. The derived bracket construction reproduces the C-and D-brackets of heterotic DFT. Moreover, the condition that this construction yields a Lie 2-algebra of symmetries acting nicely on generalized tensor fields yields a weakened form of the strong section condition usually given in heterotic DFT, cf. [18] . Also, the notion of twist by topological data extends to heterotic DFT, which is crucial for the construction of global formulations of this theory. In particular, we derive twist data and the generalized metric from canonical transformations, just as in the cases of heterotic Generalized Geometry and partially extending the case of type II DFT [16] . Similarly, we use the same formulas as in type II DFT and heterotic Generalized Geometry to define appropriate torsion and Riemann tensors. Once more, we stress that all of these constructions emerge in a straightforward and natural way from the symplectic pre-NQ-manifold from which we started.
We conclude in section 4 with a discussion of the issue of α -corrections in heterotic DFT. As stated initially, these corrections arise if heterotic DFT is described using the same generalized vector fields as in type II DFT. In [29] , it was observed that these α -corrections of the pairing and the C-and D-brackets can be traced back to a deformation of the Poisson bracket, which was further interpreted as a degree-violating star-product.
We extend this interpretation via a deformed Poisson bracket to the full Lie 2-algebra for both heterotic Generalized Geometry as well as heterotic DFT. We argue, however, that a more direct explanation than the degree-violating star product is obtained from geometric considerations. In the case of Generalized Geometry, this observation is due to [30] : Diffeomorphisms induce local transformations of the frame bundle and each generalized vector field X therefore comes with a local transformation ∂ µ X ν of the frame bundle. In the "uncorrected picture", by which we mean the extended formulation of heterotic DFT which we used in section 3, sections of the frame bundle are already included. To connect both formulations, we should translate ordinary extended vector fields X in the α -corrected picture to extended vector fields X + ∂ µ X ν with ∂ µ X ν a section of the frame bundle in the uncorrected picture. The usual derivative counting shows that either the term ∂ µ X ν should come with a factor of √ α or, more appropriately, the inner product on the frame bundle should come with a factor of α . In any case, we indeed recover the deformation of the Poisson bracket which induces all other expected α -corrections.
This interpretation also generalizes to the case of DFT and furthermore answers a question from [31] : There, it was observed that certain terms should be added to generalized vector fields to make the transition between the α -corrected and the uncorrected formulation of heterotic DFT. It is a generalization of the interpretation of [30] to Double Field Theory which is responsible for this. Interestingly, the resulting C-and D-brackets contain two further terms in the α -corrections of DFT which, however, vanish in the usual formulations of heterotic DFT due to the strong section condition. Our weakened form of the strong section condition, however, does not imply their vanishing.
Altogether, we conclude that we found a second successful application of the language of symplectic pre-NQ-manifolds to the description of the geometric structures underlying DFT. We are therefore confident that it is suitable for an extension to EFT. We plan to report on progress in this direction in an upcoming publication.
Generalized Geometry

The heterotic string and twisted string structures
Heterotic string theory [32, 33] is a chirally asymmetric combination of the ten-dimensional type II superstring and the 26-dimensional bosonic string, where the former and the latter constitute the left-and right-moving sectors of the heterotic string, respectively. To obtain a consistent supersymmetric ten-dimensional theory which is Lorentz invariant, the additional 16 dimensions of the bosonic string are compactified on a particular 16-dimensional torus, whose properties enhance the local symmetry group from U(1) 16 to SO(32) or E 8 × E 8 . Although heterotic string theory is a theory of closed strings and D-branes are absent, it thus gives rise to a gauge group, and the spectrum contains massless modes corresponding to non-abelian gauge potentials besides the metric, the dilaton and the Kalb-Ramond field.
It has been known for a long time that consistently coupling a gauge potential to tendimensional supergravity requires adding a Chern-Simons term to the definition of the 3-form curvature H of the 2-form potential B [34, 35] . This also affects Bianchi identities and the gauge structure. Altogether, the bosonic part of heterotic supergravity (or the bosonic massless sector of the heterotic string) is given by the metric g, the dilaton φ, a spin connection 1-form ω taking values in spin(1, 9), a gauge potential 1-form A taking values in so(32) or e 8 × e 8 and the Kalb-Ramond B-field, which is a 2-form taking values in u(1). We shall denote the Killing forms on the underlying Lie algebras by (−, −). The relevant curvatures are defined as 
where λ, α and Λ parameterize gauge transformations of ω, A and B. Note that these gauge transformations leave H invariant. The relevant Bianchi identities read as
the last of which is the Green-Schwarz anomaly cancellation condition, which guarantees that the gauge and the gravitational anomalies cancel each other [36] . The structure above has only found a comprehensive mathematical interpretation in [25] , see also [37] . Recall that the B-field of bosonic and type II string theory is part of the connective structure of an abelian gerbe [38, 39] . It turns out that the fields ω, A and B form part of the connective structure of a non-abelian gerbe with structure group String(1, 9), which is twisted by E 8 × E 8 and (2.1) form the (local) description of such a connective structure. These twisted string structures feature also crucially in effective descriptions of M5-branes, see e.g. [26, 27] .
A full description of twisted string structures would take us too far away from the aim of our discussion and we merely refer to the original paper [25] as well as [27] for details. For our purposes, it suffices to keep in mind formulas (2.1) as well as the following summary of the string Lie 2-algebra.
The string group String(n) is defined as an element of the Whitehead tower of O(n), namely as the 3-connected cover of Spin(n). This definition fixes String(n) only up to a large class of equivalences, and there exist various models of it. Particularly convenient models are given in terms of categorified Lie groups or Lie 2-groups. These Lie 2-group models can be Lie differentiated, leading to Lie 2-algebra models 2 of string(n). A particularly simple model of string(n) is given by
with non-trivial products
Here, (−, −) is again the appropriately normalized Killing form on spin(n). Clearly, this is the special case of a general class of Lie 2-algebras which were first considered in [40] . Historically, the integration of string(n) to a string group model came first [41, 42] ; a Lie differentiation leading to string(n) was presented in [43] .
1 Note that in [21] , a different set of infinitesimal gauge transformations was found, which is equivalent to the more conventional one given here after a shift of the 1-form gauge parameter Λ.
2 see the appendix for relevant definitions For our purposes, the local definition (2.1) of a connective structure on a principal 2-bundle with structure group String(n) is sufficient. We merely note in addition that the action of heterotic supergravity on some D-dimensional manifold M reads as [33] 
where g is the metric and R the Ricci scalar.
Symmetries of string structures: Heterotic Courant algebroids
We start by recalling the case of type II supergravity on some manifold M , where the Kalb-Ramond field B is part of a connective structure on an abelian gerbe G with curvature H = dB over M . The infinitesimal symmetries of this gerbe are captured by the exact Courant algebroid E which fits into the sequence T * M → E → T M and which has Ševera class H. Since all vector bundles are real, this sequence splits and
Sections of E are therefore given by a vector field and a 1-form and parameterize infinitesimal diffeomorphisms as well as gauge transformations of B. As shown in [14] , the Courant algebroid is most appropriately regarded as a symplectic Lie 2-algebroid, cf. also the appendix. Recall that any symplectic Lie n-algebroid comes with an associated Lie n-algebra, cf. the appendix. The associated Lie 2-algebra of E is now the L ∞ -algebra of infinitesimal symmetries of the gerbe G . This picture readily generalizes to the case of heterotic supergravity. Here, we also have a principal bundle P over M which is the combination of the gauge bundle with gauge group SO(32) or E 8 × E 8 as well as the frame bundle underlying the spin connection. Locally, the relevant Courant algebroid is then
where adP is the trivial Lie algebra bundle M × g → M with
We endow g with an indefinite Killing form, which is positive and negative definite on the summands spin(1, 9) and e(8) ⊕ e(8), respectively. The transitive Courant algebroid (2.4) was first mentioned in [44] . The connection to the Green-Schwarz anomaly was discussed in [23, 45] and in [24] , the full global picture was worked out and its role in topological T-duality was explained. We also follow the nomenclature in [24] and call E the heterotic Courant algebroid.
For our purposes, it will be useful to describe E as a symplectic NQ-manifold. We start from the N-manifold
for some contractible space M of dimension D. We introduce coordinates x µ , µ = 1, . . . , D, on the base of W 2 (M, P ) as well as coordinates ξ µ , ζ µ , p µ and τ α , α = 1, . . . , dim g, in the fibers. The degrees of the various coordinates are as follows:
The NQ-manifold W 2 (M, P ) comes with a natural symplectic form,
where κ αβ is the inverse of the Killing form κ αβ . The symplectic form induces the Poisson bracket
where f, g are functions on W 2 (M, P ). Let f α βγ be the structure constants of g and define f αβγ = f α δε κ βδ κ γε as the structure constants with all indices raised by the Killing form. Then the function
is the Hamiltonian function for a homological vector field Q since the Jacobi identity implies {Q, Q} = 0.
More generally, we consider the twisted version
for which {Q, Q} = 0 if in addition to the Jacobi identity, we have 3
That is, the generalized Ševera class of the transitive Courant algebroid W 2 (M, P ) is given by the pair (F, H), which also characterizes a twisted string structure as we saw above. The homological vector field Q = {Q, −} is readily computed, and we obtain
This completes the description of the symplectic NQ-manifold W 2 (M, P ).
The Dorfman bracket of the heterotic Courant algebroid as given in [24] can now be obtained from a natural derived bracket construction:
(2.13) Here, [−, −] and (−, −) denote Lie bracket and Killing form on g, respectively. Moreover,
i τ α and α i = α iµ ξ µ and we regard X i + λ i + α i as a section of E. The local infinitesimal symmetries of a twisted string structure are now captured by the associated Lie 2-algebra 4 of W 2 (M, P ). This Lie 2-algebra has underlying graded vector space
and the higher brackets are given by the totally antisymmetric multilinear maps
. We note that for X i = α i = 0 and f and λ i constant, this Lie 2-algebra reduces to the string Lie 2-algebra (2.2) with spin(n) replaced by g.
The symmetries of the string structure now act on various tensors, which are particular elements of the free tensor algebra
The action of infinitesimal symmetries X 1 +λ 1 +α 1 ∈ Γ(E) on generalized vectors X 2 +λ 2 +α 2 is captured by the Dorfman bracket (2.13). More generally, we define an action on t ∈ T (C ∞ (M)) bŷ
where we extended the Poisson bracket in the second slot via 17) as done in [15] . For example, we can compute the action of an infinitesimal symmetry on the generalized metric H:
where H is the generalized metric
which we shall discuss in more detail below.
Topological data from twists
Let us return to the trivial heterotic Courant algebroid
Turning on the potentials A and B for the topological data F and H can be interpreted as the result of a canonical transformation, as we shall show in the following. This is a specialization of a general result of [28] . The trivial heterotic Courant algebroid has homological vector field given by the Hamiltonian
On a function f on W 2 (M, P ) (and, by extension of the Poisson bracket (2.17), also on tensor products of these), we can define canonical transformations given by the flow of the Hamiltonian vector field X φ of a function φ ∈ C ∞ (W 2 (M, P )) according to
Clearly, φ has to be of degree 2 in order to preserve the degree of f . The most general such Hamiltonian on W 2 (M, P ) reads as
where each of the coefficients is a function on M and prefactors are inserted for later convenience. We immediately note that t µ p µ amounts to a diffeomorphism on M and that B µ ν and a αβ are merely rotations of the coordinate systems on the fibers of the generalized tangent bundle T M ⊕ adP ⊕ T * M . Since these transformations are trivial, we put the corresponding coefficients to zero. The remaining twist data is packaged into two pairs, (A, B) and 5 (Ã, β) to guarantee that the power series e φ terminates and therefore clearly converges. We also apply the corresponding canonical transformations step-by-step, for clarity. We observe that
23) 5 We follow the literature and use the more common notation β instead of the more logicalB.
which is the Hamiltonian on W 2 (M, P ) for nontrivial F and H. In this way, we readily obtain the correct definition of the field strengths for a string structure (2.1a), even if we had not been aware of it. Moreover, the condition {Q, Q} = 0 yields the relevant Bianchi identities (2.1c) in a straightforward manner. We also find
(2.24) As we can see from the definition of the Poisson structure, the exponential series terminates after the fourth order. Furthermore we observe that we can rewrite the result in a more elegant way by introducing heterotic fluxes of the typeJ µ να ,K αβµ ,G αµν as well as the so-called nongeometric 6 fluxes Q µ νκ and R µνρ :
We refer the reader to the existing literature, e.g. [22] for a definition (with sign and prefactor conventions slightly different to ours) and interpretation of the heterotic fluxes in terms of DFT and their reduction to heterotic Generalized Geometry. To sum up, we can give an algebraic interpretation of the appearance of fluxes in heterotic generalized geometry: They arise via the action of canonical transformations on the original homological vector field.
Generalized Metric
Generalized vectors on W 2 (M, P ) are sections of E, which carries an action of the group O(D, D + n), where D and n are the dimensions of M and the gauge group G with Lie algebra g = Lie(G), respectively. There is an O(D, D + n) invariant metric, which reads as
with κ the Killing form on g. The generalized metric on W 2 (M, P ) is the object that brings together the metric g µν on M , the metric κ αβ on g as well as the one-form potential A and the two-form potential B in a covariantly and homogeneously transforming object. Just as the Hamiltonian of the homological vector field, we can construct the generalized metric by acting with canonical transformations on the metric H 0 with A = B = 0, which reads as
We regard this matrix as the tensor . In order to compute the twist, we use the ordering A α µ ξ µ τ α as a definition of the twist function. This allows us to perform the calculation using solely the tensor product rule (2.17). The possibility of constructing the generalized metric in this way via symplectomorphisms does not seem to have been noticed before, not even for the exact Courant algebroid.
Using the second type of canonical transformations parameterized by (Ã, β) and analogously defining the twist function to beÃ µα ζ µ τ α we obtaiñ
where for convenience we defined the tensorB µν := β µν −
2Ã
µαÃνβ κ αβ . We see again the power of the twist by canonical transformations: The full heterotic generalized metrics (i.e. including either (A, B) or (Ã, β)) arise from the original H 0 by applying the exponentiated infinitesimal canonical shifts including the respective parameters.
Generalized Riemannian geometry
So far, rephrasing the heterotic Courant algebroid as a symplectic NQ-manifold gave us a transparent description of the symmetries and the differential geometry of heterotic supergravity. A further advantage of the formulation is that it allows us to lift the expressions found in [15] for torsion and Riemann tensor for type II Double Field Theory to heterotic Generalized Geometry. In the following, we briefly review and specialize the constructions of [15] ; for another approach to connections on Courant algebroids, see also [23, 46, 47, 48] . A symplectic NQ-manifold M of degree n comes with a set of generalized vector fields X (M), which are the functions of degree n − 1. In this paper, we are exclusively interested in the case n = 2, and for simplicity, we restrict ourselves to this case in the following.
We define an extended covariant derivative on M as a Hamiltonian function ∇ X parameterized by an element X ∈ X (M) such that
and
Using this notion of covariant derivative, we can define an extended torsion tensor 
(2.32)
Both T and R are indeed extended tensor fields and they are C ∞ 0 (M)-linear in all their arguments, while the naive definitions of T and R do not enjoy this property. The torsion (2.31) is the well-known Gualtieri-torsion in case of Generalized Geometry and it is this object which we use to generalize torsion to the case of heterotic Generalized Geometry. In case of vanishing torsion, in [18] an explicit form of the generalized Riemann tensor was determined. Locally, the covariant derivative operator has the form 33) and the scalar curvature corresponding to (2.32) takes the form 
For the case of heterotic supergravity, it was shown in [18] that taking e −2d = √ ge −2φ
in (2.36) leads to the action (2.3).
Heterotic Double Field Theory
The symplectic pre-NQ-manifold
We saw above that the transitive Courant algebroid W 2 (M, P ) captures nicely the symmetries of the non-abelian gerbe arising in the low-energy sector of the heterotic string. In this section, we extend this picture to Double Field Theory, using the formalism developed in [15] . We are after an extension of the notion of Courant algebroid describing the local symmetries (as well as their actions) of the bosonic sector of heterotic supergravity in a manifestly T-dual way. The relevant object is therefore not the Courant algebroid itself, but its associated Lie 2-algebra. We follow [15] and observe that the condition Q 2 = 0 is sufficient but not necessary for the associated Lie 2-algebra to exist, and we can therefore relax this condition. Preserving the associated Lie 2-algebra will then require restricting to certain subsets of functions on the extended Courant algebroid. This motivates the following definition of symplectic pre-NQ-manifolds.
A symplectic pre-NQ-manifold [15] is a symplectic N-manifold endowed with a vector field Q of degree 1 satisfying L Q ω = 0. In particular, a symplectic pre-NQ-manifold (M, Q, ω) with Q 2 = 0 is a symplectic NQ-manifold.
From our discussion of the Generalized Geometry underlying heterotic supergravity, together with the symplectic pre-NQ-manifold relevant in type II DFT as developed in [15] , it is now reasonably clear what the relevant symplectic pre-NQ-manifold is. Just as in type II DFT, we construct it by reduction of a Courant algebroid.
We start from a symplectic Lie 2-algebroid with underlying graded manifold 
where h should be thought of as either so(32) or e 8 × e 8 . The canonical symplectic structure on
and the homological vector field is has Hamiltonian
Note that this Hamiltonian differs in the last summand from that on V 2 (T * M × g).
To reduce the pre-NQ-manifold relevant for heterotic DFT, we introduce the new coordinates of degree 1,
where κ αβ is the Killing metric on g. The reduced pre-NQ-manifold F 2 (M, g) is now obtained by putting β m = 0 and σ α = 0. Explicitly, F 2 (M, g) is described by coordinates (x m , y α , θ m , τ α , p m , q α ) of degrees (0, 0, 1, 1, 2, 2) and carries the symplectic form 5) where the matrix κ αβ is the inverse of κ αβ . The corresponding Poisson bracket reads as {f, g} :=f
The Hamiltonian Q and its vector field Q of
This symplectic pre-NQ-manifold F 2 (M, g) is now suitable for a description of the symmetries of heterotic DFT, as we shall see in the following. We already note that F 2 (M, g) has the right dimension in degree 0 and as expected, putting g = * = {0} yields the pre-NQ-manifold E 2 (M ) used in [15] to capture the symmetries of type II DFT.
To render the whole construction O(D, D + n)-covariant, one can split x m = (x µ , x µ ) and introduce combined coordinates x M = (x µ , y α , x µ ), the combined metric
and the combined structure constants
Since this might make our constructions slightly more opaque, we refrain from using this formulation.
Heterotic C-and D-brackets
The C-and D-brackets of heterotic Double Field Theory are simply obtained as derived brackets on the symplectic pre-NQ-manifold F 2 (M, g), as we shall explain in the following. Extended vector fields are functions on F 2 (M, g) of degree 1 and we have
Here m = 1, . . . , 2 dim(M ) and α = 1, . . . , dim(g) as in the previous section. The generalized Lie derivative, or D-bracket is now defined by the same algebraic formula as in Generalized Geometry, cf. section 2.2:
In components, we have the following formula: 14) where indices are raised and lowered with the O(D, D)-metric η mn or the Killing metric κ αβ . This is indeed the generalized Lie derivative of heterotic DFT [18] .
The action (3.13) readily generalizes to extended tensor fields T(F 2 (M, g)), which are a subset of the free tensor algebra T (M) of C ∞ (F 2 (M, g) ) if we extend the Poisson bracket as follows:
{f, g ⊗ h} := {f, g} ⊗ h + (−1) (n−|f |)|g| g ⊗ {f, h} , (3.15) cf. [15] . The C-bracket is then simply the antisymmetrization of the D-bracket:
As easily verified from the algebraic relations for the graded Poisson structure {−, −} and Q, we have the equivalent relationŝ
It is important to note that the C-and D-brackets are just a part of a larger algebraic structure. The C-bracket is a binary bracket belonging to a Lie 2-algebra, and this Lie 2-algebra can be reduced to that of heterotic Generalized Geometry. The D-bracket, on the other hand, describes part of an action of the Lie 2-algebra on the vector space of extended tensor fields. The detailed analysis of these algebraic structures yields the appropriate section condition of Double Field Theory, as we shall discuss next.
L ∞ -structures and the strong section condition
First, recall from [15] 
such that the higher derived brackets (A.6) form an L ∞ -algebra. We also demand an action of this L ∞ -algebra on extended vector fields L 0 (M) ⊂ C ∞ n−1 (M). That is, the Dorfman bracket (A.9) should provide an action of L ∞ -algebras of L(M) on L 0 (M), cf. again [15] . Both conditions yield a weakened form of the strong section condition.
The first condition was abstractly analyzed for pre-NQ-manifolds of degree 2 in [15,
where 19) this translates to the equations 20) where
To improve legibility of the equations, we have used the shorthand notation
for F ∈ C ∞ (M) and allow for raising and lowering of indices with the Killing metric κ αβ . The necessary condition that the Dorfman bracket induces an action of L ∞ -algebras on L 0 is gleaned from [15, Theorem 4.11] . For all V, W, X, Y ∈ L 0 , we need
where p M := (p m , q α ). Using this relation, we find that the first equation of (3.22) reads as
24) while the second one translates to a more complicated and not very enlightening expression. Recall that the form of the strong section condition usually employed in heterotic DFT as found in [18] is
for all fields F and G. We note that any Poisson bracket of the form
with F a field vanishes due to (3.23) after imposing condition (3.25) and therefore conditions (3.22) are automatically satisfied. We stress, however, that (3.25) is not necessary for (3.22) to be satisfied. The extended tensors fields T(M) are a subset of the free tensor algebra T (M) of C ∞ (F 2 (M, g) ) over C ∞ (T * M ), and elements t ∈ T(M) satisfy the conditions
We refrain from giving explicit expressions for these conditions, which, however, can be readily computed using (3.23). Again, the usual strong section condition of heterotic DFT (3.25) is sufficient for (3.27) to hold, but not necessary. Altogether, equations (3.20), (3.22) and (3.27) form the appropriate and indeed weakened form of the usual strong section condition for heterotic Double Field Theory. Note that our whole discussion reduces to that of type II Double Field Theory upon putting g = * = {0}. In this context, another condition was suggested in the literature [50] , known as the closure constraint. This constraint amounts to the fact that the commutator of two generalized Lie derivatives closes to a generalized Lie derivative. In our framework, this amounts to one of the conditions that the generalized Lie derivative forms a representation of the underlying Lie 2-algebra of symmetries on the generalized vector fields, which is encoded in equation (3.24) . (We only consider generalized tensors, while [50] discusses also tensor densities.) Let us stress, however, that for a full description one needs an underlying Lie 2-algebra (our conditions (3.18)) as well as the fact that the generalized Lie derivative forms a representation of this Lie 2-algebra (our conditions (3.22)).
Examples and reduction to Generalized Geometry
The canonical example of an L ∞ -structure on F 2 (M, g) is certainly the subset L of functions in C ∞ (F 2 (M, g) ), which are constant in x µ , p µ , y α and q α . For such functions F, G, we have 28) and our section conditions (3.18) and (3.22) are automatically satisfied. Note also that tensors, i.e. elements of the free tensor algebra T (F 2 (M, g)), which are constant in the above variables automatically satisfy (3.22) . This is not surprising, because by choosing this L ∞ -structure and the corresponding tensors, we effectively reduced the symplectic pre-NQ-manifold F 2 (M, g) to the heterotic Courant algebroid W 2 (M ) with F = H = 0, which does not require any further conditions.
Twisting
The generalization of F 2 (M, g) to some symplectic pre-NQ-manifold which reduces to the heterotic Courant algebroid W 2 (M ) with non-trivial F and H is now the next task. Clearly, one needs to modify or twist the vector field Q by adding terms depending on topological data, which reduces to the topological data F and H in Generalized Geometry. This issue is also closely linked to the problem of finding the global picture in heterotic Double Field Theory. Once an appropriate twist is found, we can patch local descriptions together, avoiding the problems pointed out in [51] .
Note that we would like the L ∞ -structure L to remain the same before and after twisting. We simply follow [15] and define a twist of F 2 (M, g) that respects the L ∞ -structure L as the vector field Q T with Hamiltonian
where T is a function on F 2 (M, g) of degree 3 and Q T satisfies the appropriate section conditions (3.18) and (3.27) on the L ∞ -structure L.
As an example, consider the L ∞ -structure L of the previous section, which reduces
leads to a twist of F 2 (M, g) for defined via the extended Poisson bracket (3.15) are essentially the same in Generalized Geometry and DFT. Therefore, we can again derive the generalized metric analogously to section 2.4 and the result will be the same.
One might be tempted to consider the action of all types of canonical transformations (A, B,Ã, β) to obtain expressions for the Double Field Theory fluxes and their Bianchi identities. While this works in the case A =Ã = 0 (and the results are given in [16] ), the computation does not seem to extend to heterotic Double Field Theory in a straightforward manner. This is due to the non-trivial mixing of the various twist components, which turn the exponentials into infinite power series.
Torsion and Riemann tensor
Recall that for heterotic Generalized Geometry, encoding the symmetry structure in a symplectic NQ-manifold of degree 2 allowed us to lift results on the torsion and Riemann tensors from ordinary Generalized Geometry to the heterotic case. The same holds true for Double Field Theory, and we can use the structures on F 2 (M, g) to write down torsion and Riemann tensors, which are algebraically identical to the ones of ordinary DFT, ordinary Generalized Geometry and heterotic Generalized Geometry.
Given extended vector fields X, Y, Z, W ∈ C ∞ 1 (F 2 (M, g)), extended torsion and Riemann tensors can be defined as These expressions are indeed tensors and in particular, they are C ∞ (M )-linear in each slot, if we use the first two constraints of (3.18) on the algebra of functions on the base manifold. We emphasize the advantage of reformulating heterotic Double Field Theory in our language: The expressions for torsion and curvature have the same form as in section 2.5 for heterotic Generalized Geometry. It is the choice of the underlying pre-NQmanifold where the difference of Generalized Geometry and Double Field Theory is rooted. Proceeding in the same way as in section 2.5, we arrive at the following Gualtieri-torsion:
which we set to zero in order to get an explicit form for the curvature operator. Contracting the latter in the way to get the scalar curvature (using the flat η M N ) we arrive at 35) where again R 0 denotes the standard combination of connection coefficients (2.35) leading to ordinary scalar curvature. Proceeding now as was done already in the Double Field Theory literature, i.e. taking the explicit form of Γ M N K determined in [49] , the heterotic Double Field Theory action is obtained, which has the same form as in Double Field Theory but where the extended metric (2.28) is used (depending on the extended set of spacetime coordinates).
α -corrections
There is an alternative formulation of the Generalized Geometry and Double Field Theory underlying heterotic string theory in which the set of generalized vectors is the same as in the bosonic case (or the bosonic part of type II string theory). In these descriptions, the pairing, the generalized Lie derivative and the Courant bracket (or C-bracket in the DFT case) receive corrections to linear order in α . In this last section, we briefly recall the interpretation of [30] of these corrections for Generalized Geometry, show that this fits our formalism and extend the discussion to Double Field Theory.
Generalized Geometry
Consider two generalized vector fields X, Y , which are sections of the ordinary generalized
For simplicity, we discuss the untwisted case with H = 0.
The pairing, generalized Lie bracket and Courant bracket receive α -corrections, which read as
cf. [30, 19] . We now switch to the NQ-manifold picture, in which the pairing originates from the Poisson structure on a symplectic NQ-manifold and the generalized Lie derivative is a derived bracket. The relevant NQ-manifold is M = T * [2]T [1]M with coordinates (x µ , ξ µ , ζ µ , p µ ) of degrees 0, 1, 1, 2, respectively and the homological vector field and the symplectic form read as
The uncorrected Lie derivative and Courant brackets are then given by
cf. (2.13) and (A.6d) and (A.7). In this framework, all the α -corrections can be absorbed in the following deformation of the Poisson bracket within the space of bi-differential operators:
In particular, we have
This observation is due to [29] , where this deformation of the Poisson bracket is interpreted as a star commutator with an underlying star product originating from a Poisson tensor of inhomogeneous degree. The α deformations however find another, possibly more natural interpretation as an indicator that the generalized tangent bundle should be extended by the frame bundle [30] . Recall that a diffeomorphism induces a local transformation of the frame bundle: given a set of orthogonal basis vectors ∂ ∂x µ , they transform under an infinitesimal diffeomorphism parameterized by a generalized vector X according to L X ∂ ∂x µ , which corresponds to a matrix element dx ν , L X ∂ ∂x µ = −∂ µ X ν . This matrix element should be regarded as a section of the subbundle ad o(d) of ad g in the heterotic Courant algebroid E defined in section 2.2. The pairing on E, where the Killing form κ is simply −α tr (−), then yields the α -corrections in (4.1):
This accounts for all α -corrections in (4.1). Altogether, we come to the same conclusion as [30] : the appearance of α -corrections in the underlying algebraic structures suggests an extension of the generalized tangent bundle. We do not believe that an analysis based on the deformed Poisson bracket (4.4) would be successful. In particular, one cannot simply compute α -corrections to the generalized torsion and Riemann tensors introduced in section 2.5 by replacing the Poisson structure by the α -corrected one, since the latter violates the relevant Leibniz rule and Jacobi identity.
Double Field Theory
Inspired by the results of the previous section, we now turn to the case of heterotic Double Field Theory, where higher derivative corrections to the bilinear pairing and C-bracket were found in [21] . We refer the reader to [19, 52, 20] for a detailed study of α corrections in DFT. Focusing on heterotic DFT, locally they have the form
Again, these are higher derivative corrections and thus an interpretation in terms of a deformation of the original Poisson structure leading to the derived brackets for ordinary DFT suggests itself. Therefore we start with the pre-NQ-manifold for DFT introduced in [15] . This is a reduced version of V 2 (T * M ) with canonical Poisson structure and Hamiltonian function given by
Motivated by the previous section, it is now easy to see that the appropriate deformation of the resulting Poisson bracket to receive the corrections (4.7) using a derived bracket is
Applying the deformation to the definition of the bilinear pairing immediately gives the desired result, i.e. for X = X m θ m and Y = Y m θ m we get
Deforming the Dorfman bracket ν 2 yields
The second term of order α gives the desired correction term. The first term is not seen by standard Double Field Theory as the contraction of derivatives vanishes due to the strong section condition. Thus, the deformation (4.9) reproduces the Dorfman derivative of Double Field Theory up to the strong section condition. Turning finally to µ 2 , we get
Again, as for ν 2 , we get the right deformation up to terms vanishing due to the strong section condition. However, using the purely algebraic constraints derived in [15] , which are a weakening of the strong section condition, we even get exactly the same result as in (4.7). The third relation of proposition 6.1 of [15] reads as 13) where the subscript [X, Y, Z] denotes again the totally antisymmetrized sum over X, Y, Z. As this relation should hold for all degree 1 elements, choosing e.g. an appropriate constant Z k gives the vanishing of the sum of the first and third α -correction in (4.12). The remaining terms are precisely the ones listed in (4.7). To sum up, the deformation (4.9) is the right one to interpret the α -corrections encountered in Double Field Theory as a deformation of the Poisson structure used to construct the bilinear pairing and C-bracket. In [29] , an attempt to get this deformed Poisson structure via deformation quantization of an inhomogeneous degree Poisson tensor was given. We leave it to future studies to investigate the properties of such deformations, e.g. the failure of the Jacobi identity which might hint to non-associative structures.
Finally, consider an NQ-manifold concentrated in degrees 1, . . . , n with coordinates ξ
of degree i. The vector field Q will now contain a number of structure constants,
∂ ∂ξ etc. All these higher brackets are of degree −1. It is customary to shift the degree of the M i by -1. This renders all µ i totally graded antisymmetric 9 and shifts their degree to i − 2. Also, the NQ-manifold g [1] describing a Lie algebra is shifted to an ordinary vector space g = g [0] . In general, we obtain a graded vector space
This is the traditional description of an L ∞ -algebra, cf. [53] . The identity Q 2 = 0 reproduces the higher homotopy relations. An NQ-manifold M is a symplectic NQ-manifold (M, Q, ω) if it carries a symplectic form ω of homogeneous degree with respect to which Q is an infinitesimal symplectomorphism: L Q ω = 0. We call the N-degree of ω the degree of the symplectic NQ-manifold.
A simple example of a symplectic NQ-manifold is a metric Lie algebra (g, κ). In the coordinates ξ α introduced above, the symplectic form reads as ω = where {−, −} is the Poisson bracket of degree −n induced by ω. Less familiar than the above definitions may be the fact that any symplectic NQmanifold (and therefore any symplectic L ∞ -algebroid) (M, ω) comes with an associated Lie n-algebra L from antisymmetrized derived brackets [54, 55, 56] . For a symplectic NQmanifold (M, ω) of degree n, we have
where C ∞ i (M) are functions on M of degree i. The higher brackets µ i are defined as follows. The lowest bracket is defined as a part of Q:
(A.6b)
We call the remainder q,
and use it to define totally antisymmetrized brackets Note that there is also a graded Leibniz algebra structure of degree n + 1 on L(M) given by the bracket λ 2 ( 1 , 2 ) = {Q 1 , 2 } , (A ( 1 , 3 ) ) .
(A.8) We often restrict the bracket λ 2 ( 1 , 2 ) to the Dorfman bracket 9) which is related to µ 2 of the associated Lie n-algebra via
